Abstract. Voiculescu's topological approximation entropy is extended to automorphisms on unital simple C * -algebras with tracial rank zero. Several expected properties are shown. We also consider the value of our entropy for a cat map on the non-commutative torus.
Introduction
In [14] , D. Voiculescu defined a notion of topological entropy for an automorphism on a unital nuclear C * -algebra, and then in [1] , N. P. Brown extended it on an exact C * -algebra. Another topological entropy for an automorphism on an AF-algebra was also defined in [14] . Roughly speaking, Brown-Voiculescu entropy is defined by measuring the growth of iterates of the automorphism by completely positive approximations of a faithful nuclear representation which factor through finite dimensional C * -algebras. The other entropy is defined by measuring the growth of iterates of the automorphism by approximations of finite dimensional C * -subalgebras. Hence the definition really makes sense for exact C * -algebras in the former case and for AF-algebras in the latter case. However the class of AFalgebras is much smaller than the class of exact C * -algebras. In [9] , H. Lin defined a notion of topological rank for C * -algebras, which is called tracial rank. Roughly speaking, AF-algebras are C * -algebras that can be approximated in norm by finite dimensional C * -algebras. C * -algebras with tracial rank zero are C * -algebras that can be approximated in trace by finite dimensional C * -subalgebras. Inspired by this notion, we extended Voiculescu's topological approximation entropy. In this paper, the definition of our entropy is given for the case of unital simple C * -algebras with tracial rank zero. The reason is the following. On the one hand, for non-simple C * -algebras, the definition of the tracial rank is very complicated. Hence our entropy might be defined for arbitrary C * -algebras with tracial rank zero, but this does not seem to be computable. On the other hand, the important and interesting examples are the cases of simple C * -algebras. One example is mentioned below and is studied in this paper. We also show that several known properties of the topological approximation entropy function extend to our setting.
Preliminary
The following conventions will be used. Let A be a C * -algebra with tracial state space T (A). If ω is a finite subset of A, then we write ω A. For a ∈ A, ε > 0 and a subset B ⊂ A, we write x ∈ ε B if there is b ∈ B such that a − b < ε. Definition 1.1 (cf. [9] , [10] [9] , [10] ). A unital simple C * -algebra A has tracial rank zero if for any ω A, any δ > 0 and any non-zero element a ∈ A + , there exists a finite dimensional C * -subalgebra B of A with 1 B = p such that
pxp ∈ δ B for all x ∈ ω, and (3) 1 − p is Murray-von Neumann equivalent to a projection in aAa.
Remark 1.3 (cf. [9] , [10] ). Condition (3) roughly says that 1 − p is arbitrarily small. Namely, if a unital simple C * -algebra A has tracial rank zero, then the following holds: for any ω A, any δ > 0 and σ > 0, there exists a finite dimensional C * -subalgebra B of A with 1 B = p such that
If a unital simple C * -algebra A has tracial rank zero, then A has the following properties (the reader may be referred to Lin's book [10] ):
• property (SP), i.e., every non-zero hereditary C * -subalgebra of A contains a non-zero projection, • real rank zero and stable rank one, • the tracial state space T (A) is non-empty, • Blackadar's fundamental comparison property [2] ; i.e., if two projections
Tracial topological approximation entropy
Throughout this paper, we always assume that A is a unital infinite dimensional simple C * -algebra with tracial rank zero and α is an automorphism on A. We introduce two definitions of our entropy for α.
For given ω A, δ > 0 and 0 = a ∈ A + , we denote by F (A; ω, δ, a) the set of all finite dimensional C * -subalgebras B of A satisfying (1), (2) and (3) 
Then htr(α) will be called the tracial topological approximation entropy of α.
Let τ ∈ T (A). For ω A, δ > 0 and σ > 0, we denote by F τ (A; ω, δ, σ) the set of all finite dimensional C * -subalgebras B of A satisfying (1), (2) and (3 ) in Remark 1.3.
Definition 2.2. Let τ ∈ T (A).
For ω A, δ > 0 and σ > 0, we similarly define
Then htr τ (α) will be called the tracial topological approximation entropy of α with respect to τ .
Next we consider some relations between htr(α) and htr τ (α).
Proposition 2.3. For any τ ∈ T (A), we have
Proof. Let ω A, δ > 0 and σ > 0. Take m ∈ N with m −1 < σ. Since A is simple and has property (SP), there are mutually orthogonal and mutually equivalent non-zero projections e 1 , . . . , e m ∈ A (e.g., see [10, Lemma 3.5.7] ). If
with p = 1 B , then we have
Hence we have
Thus htr τ (α, ω; δ, σ) ≤ htr(α, ω; δ, e 1 ) ≤ htr(α, ω; δ) holds for any σ > 0. Therefore we obtain htr τ (α, ω; δ) ≤ htr(α, ω; δ) and so htr τ (α) ≤ htr(α).
The previous proposition naturally leads us to the following questions. 
We conclude this section with a partial answer to the above questions.
Proposition 2.6. If A has a unique tracial state τ , then
Proof. Let ω A, δ > 0 and 0 = a ∈ A + . By property (SP), there is a non-zero projection e in aAa.
. Since A has the fundamental comparison property, the uniqueness of τ implies that
. Hence 1 − p is equivalent to some projection of aAa and thus
Therefore we obtain
This gives the desired conclusion.
Relations to other entropies
We first discuss the relation between our entropy htr(α) and Voiculescu's topological approximation entropy hat(α) in [14] . In this section, we will frequently use notation and results from [14] .
Proposition 3.1. If A is a unital simple AF-algebra, then
Proof. Since r(ω; δ, a) ≤ r(ω; δ) for any ω A, δ > 0 and 0 = a ∈ A + , we have htr(α, ω; δ, a) ≤ ha(α, ω; δ), which implies htr(α) ≤ hat(α).
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We note that if τ ∈ T (A) is α-invariant, then the von Neumann algebra π τ (A) is hyperfinite, and we denote by τ and α the extended trace and automorphism on π τ (A) , respectively. We similarly obtain the relation between htr τ (α) and Voiculescu's approximation entropy ha τ ( α) in [14] .
Proposition 3.2. For any α-invariant tracial state τ on A, we have
Proof. For ω A and δ > 0, we consider r τ (π τ (ω); δ). We take σ > 0 such that
It follows that 
where H( α) is the Connes-Størmer entropy in [4] . By [14, Proposition 3.6, 3.7] , we also have
where h τ (α) is the Connes-Narnhofer-Thirring entropy in [3] and hcpa τ ( α) is Voiculescu's completely positive approximation entropy in [14] .
Basic properties and examples
The In addition, if we have an α-invariant tracial state τ on A, then 
generates A as a C * -algebra, then
In addition, if we have an α-invariant tracial state τ on A, then
The tensor products in the following proposition are minimal tensor products, which ensures having tracial topological rank zero of the resulting tensor product by [8, Theorem 3.8] . 
Hence we have log r
Therefore the desired conclusion is obtained by using Proposition 4.2 . The other inequality is also checked similarly. The inequality htr(Adu T ) ≥ h top (T ) is easily checked. Indeed, let ν be a Tinvariant probability measure and τ ν be the induced tracial state on A. 
Hence it follows from the classical variational principle that
Cat maps on non-commutative tori
In this section, we consider automorphisms on non-commutative tori. The main result is that, under certain diophantine constraints, the tracial topological approximation entropy is bounded above by the classical entropy of the corresponding automorphism of the commutative torus.
For an irrational number θ, let A θ be the irrational rotation algebra generated by two unitaries U and V satisfying
Then linear combinations of W (μ) are dense in A θ . Note that A θ is simple and has the unique tracial state τ θ given by τ θ (W (μ)) = 0 whenever μ = (0, 0).
For each matrix
and extend it to U k V by using the universality of A θ and the relation V U = e 2πθ √ −1 UV . The fact that α T is onto follows easily from the relation ad − bc = 1, and then we obtain the automorphism α T on A θ .
We assume that T has real eigenvalues λ and λ −1 with |λ| > 1. For the value of other entropies of these automorphisms, we refer the reader to [12] .
The irrational rotation algebra A θ has tracial rank zero. That is shown by using the result of G. A. Elliott and D. E. Evans in [5] , which is that A θ is an AT-algebra with real rank zero. The following results plays a key role. 
where u ∈ A θ (t/s, t /s ) is a unitary of the form
s, t /s ) is a unitary of the form
and
It is known that if a unital C * -algebra A has real rank zero, then A has the weak (FU) property; i.e., any unitary u ∈ U (A) 0 can be approximated by unitaries with a finite spectrum. We need the following lemmas to control the cardinal number of the spectrum for our purpose. The proof is essentially as in [10] . 
Now we show that A θ has tracial rank zero with a certain estimation of rank of finite dimensional C * -subalgebras. 
Proof. For any δ > 0, we get d ∈ N by applying Lemma 5.2 for ε = δ/2.
By the proof of [5, Theorem 1] the C * -subalgebra of A θ , generated by the system {e ij } of matrix units and the unitary z 1s in e 11 A θ e 11 , is isomorphic to M s (C(T)) with unit e, and the C * -subalgebra of A θ , generated by the system {e ij } of matrix 
where z 1 ∈ U (qA θ q) 0 and z 2 ∈ U ((e 11 −q)A θ (e 11 −q)). Then by applying Lemma 5.2 to the unitary z 1 ∈ qA θ q, there is a unitary w 1 ∈ qA θ q with at most d spectrums such that
We define the unital abelian
We may assume that > 0. Then we take natural numbers , ≥ 0 such that = s + and 
and rank B ≤ d(s + s ).
Now we give the estimate of the tracial topological approximation entropy. Let θ and T be given. Then we assume that there exist K, L > 1 and
such that for any n ∈ N,
where C is the non-negative-valued continuous function given in Theorem 5.1, λ and λ −1 are the eigenvalues of T with |λ| > 1 and
We remark that [5, Lemma 3] guarantees that there exists a sequence of matrices in SL(2, Z) satisfying the above conditions (i), (ii) and (iii).
Theorem 5.5. Under the above assumptions, we have
Proof. Recall that htr(α T ) = htr τ θ (α T ) by Proposition 2.6. Hence it suffices to check that htr(α T ) ≤ log |λ|. Let ω A θ , 0 = a ∈ (A θ ) + , δ > 0 and n ∈ N. We will show that htr(α T , ω; 2δ, a) ≤ log |λ|. Thanks to Proposition 4.2, we may assume that ω = {W (μ) | μ ∈ Σ} for some finite subset Σ ⊂ Z 2 . We put In particular, if θ is an algebraic number of degree 2, then the above inequality holds.
Proof. The rational approximations b n /c n = [a 0 , a 1 , . . . , a n ] are determined by the recursion formulae b 0 = a 0 , c 0 = 1,
b n = b n−1 a n + b n−2 , c n = c n−1 a n + c n−2 for n ≥ 2.
In particular {b n /c n } is an alternating sequence satisfying 
